Abstract-Logic gates can be performed on data encoded in quantum code blocks such that errors introduced by faulty gates can be corrected. The important class of transversal gates acts bitwise between corresponding qubits of code blocks and thus limits error propagation. If any quantum gate could be implemented using transversal gates, the set would be universal. We study the structure of GF(4)-additive quantum codes and prove that no universal set of transversal logic gates exists for these codes. This result is in stark contrast with the classical case, where universal transversal gate sets exist, and strongly supports the idea that additional quantum techniques, based, for example, on quantum teleportation or magic state distillation, are necessary to achieve universal fault-tolerant quantum computation on additive codes.
I. INTRODUCTION
T HE STUDY of fault-tolerant quantum computation is driven by the properties of quantum codes -specifically, what logic gates can be implemented on encoded data, without decoding, and while controlling error propagation [1] - [4] . Transversal gates are a simple set of fault-tolerant gates that act bitwise between corresponding qubits in each code block, thus allowing error propagation to be carefully limited. Codes that exhibit a large set of transversal gates tend to be preferred over codes that do not, since these gates are naturally fault-tolerant.
In the setting of classical fault tolerant computation, the repetition code has a universal transversal gate, the Toffoli gate, from which any function can be constructed. Is universal fault-tolerant quantum computation (FTQC) also possible using only transversal gates, or are quantum and classical fault-tolerance fundamentally different? If there is such a fundamental difference, additional techniques will always be required for universal FTQC, such as teleportation using special ancillas [1] or magic state distillation [25] . There are also practical consequences. These universality-achieving techniques are not as architecturally simple as transversal gates and distillation can result in an order of magnitude or more of additional overhead or slow-down.
Many -additive codes (also known as stabilizer codes [5] , [8] ) have been thoroughly studied in the context of FTQC. These codes naturally allow fault tolerant measurement and preparation of eigenstates of the Pauli operators, but measurements in another basis or preparations of other states are not readily available. Other fault tolerant gates are constructed in addition to these natural operations, but what gates are available depends on the code. No quantum code has yet been discovered that allows a universal transversal gate set. Efforts to build up sets of fault tolerant gates mainly follow two different paths, each of which produces only some of the required gates.
The first path starts from the Clifford groups. These groups are the finite group of symmetries of the qubit Pauli groups and may be generated by the controlled-not (CNOT) gate, the Hadamard gate, and the single-qubit phase gate [4] . Since stabilizer codes are subspaces stabilized by an abelian subgroup of the Pauli group, transversal Clifford gates for such codes can be constructed systematically [5] . An important subset of stabilizer codes, the CSS codes [8] - [10] , all admit a transversal CNOT gate. Moreover, encoding, decoding, and error correction circuits for CSS codes can be constructed entirely from Clifford operations, and thus, Clifford group gates are highly desirable for recursively simulating fault-tolerant circuits. It is well known that gates in the Clifford group are not universal for quantum computation, as asserted by the Gottesman-Knill theorem [3] , [4] . However, the addition of nearly any gate outside of this set (any "non-Clifford" gate) can complete a universal set [6] .
The CSS Steane code [9] , based on a Hamming code and its dual, has transversal gates generating the Clifford group. For the Steane code, a Clifford gate can be implemented by applying that gate (or its conjugate) to each coordinate [1] . The single-qubit gate is a non-Clifford gate that completes a universal set. It can be constructed for the Steane code but not transversally.
The second path starts by considering that the Toffoli gate is a classically universal transversal gate for the classical repetition code. The Hadamard and Toffoli gates together are universal for quantum computation, so the hope is to find codes where Toffoli or some other non-Clifford gate is transversal. The Clifford gates are then generated some other way. A procedure to find non-Clifford transversal gates for a given stabilizer code is not generally known, but some intriguing examples have been discovered. 0018 -9448/$26.00 © 2011 IEEE The polynomial codes have a Toffoli gate that is transversal, but it changes the degree of the polynomial and, therefore, changes the code [19] . The CSS code constructed from a punctured Reed-Muller code has a transversal gate [13] . However, this code does not admit a transversal Hadamard gate since the constituent classical codes differ from each other, rendering the set of transversal gates on that code nonuniversal.
Considering the many unsuccessful attempts to construct a code with a universal set of transversal gates, it has been widely conjectured in the community that transversal gates and universal quantum computation are somehow incompatible. All known examples of transversal gate sets on quantum codes have been deficient in one way or another. Some of the known codes and their transversal gates are listed in Table I . None of these codes allows a universal set of transversal gates.
The main result of this paper proves the incompatibility of transversality and universality for the special case of stabilizer quantum codes. We use the abbreviation " versus " for the concept that transversality and universality are incompatible. This result sharply contrasts with the classical case where transversality and universality are compatible.
To prove our main result, we have developed a new proof technique based on the tool of "minimal codes of stabilizer codes" previously developed in [11] , [14] , [15] . Our new technique generalizes this "minimal codes" idea to logical operations of stabilizer codes. Our new technique reveals constraints on the form of non-Clifford transversal gates on stabilizer codes. Codes with non-Clifford transversal gates are important for magic state distillation, so these necessary conditions could potentially be applied to improving distillation schemes.
We organize our paper as follows: Section II begins with preliminary definitions and terminology. Section III proves our main result, versus incompatibility for stabilizer codes. Our proof relies on earlier results by Rains [11] and Van den Nest, Dehaene, and De Moor [15] , generalized to multiple blocks encoded in additive quantum codes. In Section IV, we prove versus incompatibility for a single block of qubits encoded in a stabilizer code and clarify the effect of coordinate permutations. In Section V, we consider the form of allowable transversal gates on stabilizer codes, using proof techniques from prior sections. We also review a simple construction based on classical divisible codes that yields many quantum codes with non-Clifford transversal gates on a single block.
II. PRELIMINARIES
This section reviews definitions and preliminary results about additive codes [8] , Clifford groups and universality, automorphism groups, and codes stabilized by minimal elements. Throughout the paper, we only consider -additive codes, i.e., codes on qubits, leaving more general codes to future work. We use the stabilizer language to describe -additive quantum codes, which are also called binary stabilizer codes.
A. Stabilizers and Stabilizer Codes
Definition 1: The -qubit Pauli group consists of all operators of the form , where is a phase factor and each is either the 2 2 identity matrix or one of the Pauli matrices , , or , where
A stabilizer is an abelian subgroup of the -qubit Pauli group that does not contain . A support is a subset of . The support of an operator is the set of all such that differs from the identity, and the weight equals the size of the support. The commutator of two operators and is . Two operators and commute with each other iff . The set of elements in that commute with all elements of is the centralizer .
Example 1:
Take the commuting elements and of the 4 qubit Pauli group. Consider the stabilizer group generated by these elements, , where indicates a generating set. Written out, this stabilizer is We have and , for example. Finally, the centralizer is . A set of Pauli operators are independent if none of them can be written as a product of the others, up to a phase factor . A stabilizer consists of Pauli operators for some nonnegative integer and is generated by independent Pauli operators. As the operators in a stabilizer are Hermitian and mutually commuting, they can be diagonalized simultaneously. . From , we see that . Therefore, is a code. Each set of mutually commuting independent elements of stabilizes a quantum codeword and generates an abelian subgroup of the centralizer. This leads to the isomorphism that maps each qubit Pauli group element to a coset representative [5] . The isomorphism associates the logical qubits encoded in the stabilizer code to logical Pauli operators for , and these operators obey the commutation relations of . . These satisfy the commutation relations of .
B. Universality
Definition 3: A set of unitary gates is quantum computationally universal if for any , any unitary operation can be approximated to arbitrary accuracy in some norm by a product of gates in . In notation, where each . The Gottesman-Knill theorem asserts that any set of Clifford group (defined below) gates can be classically simulated efficiently and is, therefore, not quantum computationally universal [3] , [4] . These Clifford group gates maps the Pauli group to itself. Stabilizer codes are stabilized by subgroups of the Pauli group, so Clifford group operations that map the Pauli group to itself potentially map the stabilizer to itself, preserving the code space.
Definition 4:
The -qubit Clifford group is the group of unitary operations that map to itself under conjugation. One way to specify a gate in is to give the image of a generating set of under that gate. is generated by the single qubit Hadamard gate (3) the single qubit Phase gate (4) and the two-qubit controlled-not gate (5) (6) by the Gottesman-Knill theorem [3] , [4] .
Techniques based on quantum teleportation can overcome the limit imposed by the Gottesman-Knill theorem and construct computationally universal sets of gates. These techniques use Clifford group gates, measurements of Pauli operators, and, crucially, the ability to prepare states that are not eigenstates of Pauli operators [16] , [17] . The nonstabilizer states require special care to prepare fault-tolerantly and cannot necessarily be prepared by applying a transversal gate to a Pauli eigenstate.
Definition 5:
The hierarchy is a set of gates that can be achieved using quantum teleportation and nonstabilizer states. The idea is that teleporting a gate requires corrective gates from for . It is defined recursively as follows: and (7) for . is a group only for and and . The Clifford group, Pauli preparations and measurements, plus any other gate outside of the Clifford group is computationally universal [6] . For example, the gates and are computationally universal when taken together with the Clifford group [4] .
C. Automorphisms of Stabilizer Codes
Informally, a quantum code automorphism is a unitary map on the -qubit Hilbert space that maps the code subspace to itself and respects a fixed tensor product decomposition of the Hilbert space into qubits. If we assign each qubit a coordinate, the quantum code automorphisms are those local operations and coordinate permutations that correspond to gates on data encoded in the code. In some cases, these correspond to the automorphisms of classical codes from which the stabilizer code is built [18] . An arbitrary operator can be written as a complex linear combination of elements in , and the weight distribution of an operator is the number of elements of each weight . Quantum code automorphisms have the important property that they do not change the weight distribution. This section formally defines logical gates on encoded data and quantum code automorphisms on an encoded block. The automorphism group contains several interesting subgroups. Consider the logical gates that are local (9) and the logical gates that are implemented by permutations (10) Consider the subgroup generated by the product of and . The elements of are products of automorphisms for which either or , in the notation of the definition. In general, may be strictly larger than this subgroup. For example, the code has a permutation transversal Hadamard gate where , but and . The surface codes and Bacon-Shor also exhibit the property that is larger than , since Hadamard can be implemented by transversal Hadamard and a 90 degree rotation of the plane [7] .
Example 5:
The is a Bacon-Shor code but unlike the other Bacon-Shor codes. The automorphism group is contained in the Clifford group because the code is -linear [11] . In fact, . Furthermore, any permutation takes the stabilizer to itself so . Since these subgroups are as large as possible, they generate the automorphism group.
Automorphisms act on one code block . We are interested in applying logic gates on potentially several encoded blocks so that it is possible to simulate computations on arbitrarily many encoded qubits. In general, each block can be encoded in a different code. Logic gates on these blocks can be defined to take inputs encoded in one code to outputs encoded in another code, so the code changes. This happens with some logical gates on the polynomial codes [19] or with code teleportation [16] .
In this paper we consider the simpler case where the code does not change. There are code blocks with encoded qubits encoded in the code . The notion of a logical gate is unchanged for the multiblock case: is replaced by in the prior definitions.
Definition 8:
A transversal -qubit gate on is a unitary gate such that (11) where only acts on the th qubit of each block. Let denote the -qubit transversal gates. The definition of transversality can be extended to allow coordinate permutations, but we do not do this.
D. Codes Stabilized by Minimal Elements and the Minimal Support Condition
Definition 9: A minimal support of is a nonempty set such that there exists an element in with support , but no elements exist with support strictly contained in (excluding the identity element, whose support is the empty set). An element in with minimal support is called a minimal element. For each minimal support , let denote the stabilizer generated by minimal elements with support and let denote the minimal code associated to , stabilized by . Let denote the minimal support subgroup generated by all minimal elements in .
Example 6: Consider the code whose stabilizer is generated by and its cyclic shifts. Every set of 4 contiguous coordinates modulo the boundary is a minimal support: {1, 2, 3, 4}, {2, 3, 4, 5}, {3, 4, 5, 1}, etc. The minimal elements with support are , , and . Therefore, the minimal code is stabilized by . This code is a code, since this code is locally equivalent to the code stabilized by by the equivalence , where by conjugation. The code is the intersection of its minimal codes, meaning and where the intersection and product run over the minimal supports. Furthermore, . Given an arbitrary support , the projector obtained by taking the partial trace of over is (12) where is the number of elements of with support contained in including the identity [15] . The projector projects onto a subcode of , , that is stabilized by the subgroup of . are called locally Clifford equivalent codes and is a local Clifford (LC) equivalence from to . In this paper, we sometimes use these terms when referring to the projectors onto the codes as well.
The following results are applied in Section III.
Lemma 1 ([11]):
Let be a stabilizer code. If is a logical gate for then for all , where . More generally, if is another stabilizer code and is a local equivalence from to then (13) for all .
Proof: is a local gate, so (14) Since maps from to , we obtain the result.
By examining subcodes, we can determine if a given gate can be a logical gate using Lemma 1. In particular, if is not a logical gate for each minimal code of , then cannot be a logical gate for .
Definition 11:
A stabilizer code is called free of Bell pairs if it cannot be written as a tensor product of a stabilizer code and a code (a Bell pair). A stabilizer code is called free of trivially encoded qubits if for each there exists an element such that the th coordinate of is not the identity matrix, i.e., if cannot be written as a tensor product of a stabilizer code and a code (a trivially encoded qubit). Let be the union of the minimal supports of a stabilizer code . The following theorem is a major tool in the solution of our main problem. Theorem 1 ([11] , [15] ): Let , be stabilizer codes, not necessarily distinct, that are free of Bell pairs and trivially encoded qubits, and let . Then any local equivalence from to must have either or for some , some angle , and some . Proof: For completeness, we include a proof of this theorem here, though it can be found expressed using slightly different language in [11] , [15] , and [20] . The proof requires several results about the minimal subcodes of a stabilizer code that we present as Lemmas within the proof body. The first of these results, Lemma 2, shows that each minimal subcode is either a stabilizer code or a stabilizer code. (17) acted on by . We must show that every satisfying is such that each is a monomial matrix (see [18] ; a matrix is monomial if it is the product of a permutation matrix and a diagonal matrix).
Consider the single qutrit operator (18) acting on the second qutrit (second copy of ). The matrix has 9 nonzero elements, and the partial trace over the last qutrits gives (19) Hence, the matrix in (18) 
E. Coordinates Not Covered by Minimal Supports
It is not always the case the , as the following example shows.
Example 8:
Let and define the "minimal elements" of this set to be . Note that these sets do not define codes because they are not necessarily groups. The following corollary about the elements of the automorphism group of a stabilizer code is immediate from Theorem 1 and Lemma 5. After this work was completed, we learned that the same statement was independently obtained by D. Gross and M. Van den Nest [21] and that the theorem was first proved in the diploma thesis of D. Gross [22] .
Corollary 1:
for a stabilizer code iff
for some local Clifford unitaries , , product of swap unitaries enacting the coordinate permutation , and angles .
III. TRANSVERSALITY VERSUS UNIVERSALITY
In this section we prove that there is no universal set of transversal gates for binary stabilizer codes.
Definition 12:
A set is encoded computationally universal if, for any , given (32) This is the encoded counterpart of Definition 3.
Theorem 2: For any stabilizer code that is free of Bell pairs and trivially encoded qubits, and for all , is not an encoded computationally universal set of gates for even one of the logical qubits of .
Proof: We prove this theorem by contradiction. We first assume that we can perform universal quantum computation on at least one of the qubits encoded into using only transversal gates. Then, we pick an arbitrary minimum weight element , and perform appropriate transversal logical Clifford operations on . Finally, we will identify an element in that has support strictly contained in . This contradicts the fact that is a minimal weight element in , i.e., that the code has the given distance .
We first prove the theorem for A) the single block case ( ) and then generalize it to B) the multiblock case ( ).
A. Single Block Case ( )
The first problem we encounter is that general transversal gates, even those that implement logical Clifford gates, might not map logical Pauli operators back into the Pauli group. This behavior potentially takes us outside the stabilizer formalism.
Definition 13:
The generalized stabilizer of a quantum code is the group of all unitary operators that fix the code space, i.e.,
The transversal gate on the 15-qubit Reed-Muller code is one example of this problem since it maps to an element . This element is a representative of but has many more terms in its expansion in the Pauli basis. These terms result from an operator in the generalized stabilizer .
The 9-qubit Shor code gives another example. A basis for this code is (33) from which it is clear that . This gate does not map back to the Clifford group, even though it is both transversal and logically an identity gate in the logical Clifford group.
In spite of these possibilities, we will now see that we can avoid further complication and stay within the powerful stabilizer formalism.
First, we prove a simple fact about stabilizer codes. 
Remark 1:
Note in the proof of the above lemma, we assume that is exactly transversal, i.e., in Definition 12. However, the proof is also valid for an arbitrarily small . Indeed, in this case , but when expanding in the Pauli basis, according to Lemma 6, it must have a non-negligible component in to approximate . Hence, similarly to the proof of Lemma 7, there must exist a such that , i.e., the same argument holds even for an arbitrarily small .
Remark 2:
The choice of is made without loss of generality, since for a given stabilizer code, we have the freedom to define logical Pauli operators, and this freedom can be viewed as a "choice of basis". What is more, since we assume universal quantum computation can be performed transversally on the code, then no matter what basis (of the logical Pauli operators) we choose, and must be transversal. On the other hand, sometimes we would like to fix our choice of basis, as in the case of a subsystem code [7] , to clearly distinguish some logical qubits (called "protected qubits") from other logical qubits (called "gauge qubits"). In this case, we can choose as a minimum weight element in , where is a distinguished logical qubit. Starting from this choice of (i.e., as as a minimum weight element in ), one can see that the arguments hold for subsystem codes as well as subspace codes, because the distance of the subsystem code is defined with respect to this subgroup.
Remark 3:
The procedure of identifying from in the proof of Lemma 7 is general in the following sense. We can begin with a minimum weight element of and apply any transversal logical Clifford gate to generate a representative of the corresponding logical Pauli operator such that . This procedure is used a few times in our proof, so we name this procedure the " procedure". Now we can begin the proof of Theorem 2. Assume that is encoded computationally universal. Let be a minimum weight element in . Applying the " procedure" to both and , we obtain and such that and . The next lemma puts these logical operators into a simple form for convenience. Proof: Lemma 1 and Lemma 2 can be generalized to the the multiblock case with almost the same proof, which we do not repeat here. In the multiblock case, the corresponding results of Lemma 2 read and the corresponding equation of (13) Given these generalizations of Theorem 1 and Lemma 5 to the multiblock case, we now show that all the arguments in the proof of the single block case can be naturally carried to the multiblock case. Most importantly, we show that the " procedure" is still valid. To specify the " procedure" for the multiblock case, we first need to generalize the concept of the generalized stabilizer defined in Definition 13 to the multiblock case.
Definition 14:
The generalized stabilizer of an -block quantum code is the group of all unitary operators that fix the code space, i.e., Similar to the single block case, we start by assuming that universal quantum computation can be performed using transversal gates. Then , the logical Hadamard operator acting on the first logical qubit of the first block, is transversal.
Let be a minimal weight element of . Without loss of generality, we assume . Then will transform to some . This is to say, acting on is a logical operation on the first logical qubit of the first block, and identity on the other blocks. However, this does not mean that , where and for all , because
where each acts on qubits.
Expand in the basis of qubit Pauli operators. For the same reason shown in the proof of Lemma 7, there must be at least one term in the expansion which has the form (44) where , and for all . So, the generalization of the " procedure" to the multiblock case is clear: Pauli operators acting on a code are either logical Pauli operators (on any number of qubits and any number of blocks) or they map the code to an orthogonal subspace. Nevertheless, this is an important observation. Now is a logical operation acting on the first logical qubit of a single block of the code. Due to (11) , and the th coordinate of is . Therefore, is strictly contained in . However, this contradicts the fact that is a minimal weight element in .
IV. EFFECT OF COORDINATE PERMUTATIONS
In this section we discuss the effect of coordinate permutations. . Therefore, is strictly contained in , which contradicts the fact that is a minimal weight element in .
Remark 4:
If is replaced by , the theorem still holds because is also a stabilizer code. Note this is not a simple generalization to allow permutations between transversal gates acting on blocks. This is because permutations are permitted to be different on each block and may also be performed between blocks. However, it cannot get us to the most general result because it does not allow qubits in different blocks to interact with each other.
V. APPLICATIONS AND EXAMPLES
In this section, we apply the proof techniques we have used in previous sections to reveal more facts about the form of transversal non-Clifford gates. First, we describe the form of transversal non-Clifford gates on stabilizer codes. We explore further properties of allowable transversal gates in the single block case and discuss how the allowable transversal gates relate to the theory of classical divisible codes. Finally, we review a CSS code construction based on Reed-Muller codes that yields quantum codes with various minimum distances and transversal non-Clifford gates.
Corollary 1 gives a form for an arbitrary stabilizer code automorphism. Similarly, in the multiblock case, Lemma 9 provides possible forms of for any transversal gate . These forms prevent certain kinds logical gates from being transversal on a stabilizer code. Example 10: The set of gates {Hadamard, Toffoli} cannot both be transversal on any stabilizer code, since if they are, Hadamard keeps invariant and Toffoli keeps invariant. However, as both and are kept invariant, the only possible transversal gates are Clifford gates. Therefore, the Toffoli gate cannot be transversal, which results in a contradiction. Note {Hadamard, Toffoli} is "universal" for quantum computation in a sense that all the real gates can be approximated to an arbitrary accuracy [23] . Now we restrict ourselves to the single block case. Up to local Clifford equivalence, Corollary 1 and Corollary 2 say that the unitary part of a code automorphism is a diagonal gate. Therefore, we may restrict our discussion of the essential non-Clifford elements of to diagonal gates, because we can imagine considering the diagonal automorphisms for all locally Clifford equivalent codes and their permutation equivalent codes to find all of the non-Clifford automorphisms. We further restrict ourselves to the case where the stabilizer code is CSS code. The following theorem, which is less general than that proven in [24] , gives evidence (though not a proof) that the allowable value might only be , which implies (see Definition 5). It would be interesting if all of the transversal gates for stabilizer codes lie within the hierarchy.
Theorem 4 ([24]):
Let be an classical binary code that is divisible by , and let . Then is equivalent to a -fold replicated code, possibly with some added 0-coordinates.
The Reed-Muller codes are well-known examples of divisible codes. Furthermore, they are nested in a suitable way and their dual codes are also Reed-Muller codes, which makes them amenable to the CSS construction. In particular: [10] , [14] . The smallest of these, a mentioned in the introduction, has found application in magic state distillation schemes [25] and measurement-based fault-tolerance schemes [26] . If we choose parameters and then we have a code with transversal , but this is not competitive with the concatenated code. We leave open the possibility that other families of classical divisible codes give better CSS codes with or and transversal non-Clifford gates.
VI. CONCLUSION
We have proven that a binary stabilizer code with a quantum computationally universal set of transversal gates for even one of its encoded logical qubits cannot exist, even when those transversal gates act between any number of encoded blocks. Also proven is that even when coordinate permutations are allowed, universality cannot be achieved for any single block binary stabilizer code.
To obtain the required contradiction, the proof weaves together results of Rains and Van den Nest that have been generalized to multiple encoded blocks. Along the way, we have understood the form of allowable transversal gates on stabilizer codes, which leads to the fact that the form of gates in the automorphism group of the code is essentially limited to diagonal gates conjugated by Clifford operations, together with coordinate permutations. This observation suggests a broad family of quantum CSS codes that can be derived from classical divisible codes and that exhibit the attainable non-Clifford single-block transversal gates. In general, it is not clear how to systematically find non-Clifford transversal gates, but the results in Section V take steps in this direction. It would be interesting to find more examples of codes with non-Clifford transversal gates.
There remain some potential loopholes for achieving universal computation with transversal or almost-transversal gates on binary stabilizer codes. For example, we could relax the definition of transversality to allow coordinate permutations on all qubits before and/or after the transversal gate. We could also permit each block to be encoded in a different stabilizer code, and even allow gates to take an input encoded in a code to an output encoded in a code , provided the minimum distances of these codes are comparable. We could further relax the definitions of transversality and conditions for fault-tolerance so that each acts on a small number of qubits in each block. This latter method is fault-tolerant provided that each acts on fewer than qubits. Finally, the generalization to nonbinary stabilizer codes, and further to arbitrary quantum codes, remain open possibilities. 
